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In the present paper, the effects of viscous dark matter are analysed within the ΛCDM model.
Here we consider bulk viscosity through the Israel-Stewart theory approach, leading to an effective
pressure term in the continuity equation that accomplishes for the dissipative effects of the dark
matter fluid. Then, the corresponding equation for viscosity is solved and a general equation for
the Hubble parameter is obtained with the presence of a cosmological constant. The existence of de
Sitter solutions is discussed, where a wider range of solutions is found in comparison to the ΛCDM
model. Also the conditions for the near thermodynamical equilibrium of the fluid is analysed.
Finally, a qualitative analysis provides some constraints on the model by using Supernovae Ia data
which reveals the possible importance of causal thermodynamics in cosmology.
PACS numbers: 98.80.Cq, 04.30.Nk, 98.70.Vc
I. INTRODUCTION
Late-time acceleration has become one of the main
challenges in theoretical physics nowadays as reflects
an anormal behaviour of the universe expansion within
the Big Bang model, an acceleration that started
recently in cosmic time terms. In order to achieve
such behaviour, an effective fluid with negative pressure
is required, known as dark energy, which in general
violates at least one of the energy conditions, and whose
equation of state (EoS) must be around -1, according
to most of the analysis. In addition, dark energy is
the majority component in the universe, representing
about three quarters of the total composition of the
universe. Despite the available cosmological data
coming from Supernovae Ia (SNe Ia) [1, 2], cosmic
microwave background radiation (CMB) [3], baryon
acoustic oscillations (BAO) [4] and the recent Hubble
data [5] seem to be well described by the so-called
Λ-Cold Dark Matter (ΛCDM) model, plenty of efforts
have been spent on the analysis of different candidates
to accomplish such phenomena. From scalar fields,
modified gravities to the vacuum energy density with
aggressive fine-tunings, many different models have been
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proposed that are capable of reproducing the late-time
acceleration (for a review on dark energy candidates,
see Ref. [6, 7]). While some dark energy models assume
the existence of new fields [6], some others are shown as
the incompleteness of our theories (modified gravities)
[7]. Nevertheless, nowadays the main issue lies on the
difficulties to distinguish among the many existing
models that can explain the acceleration of the universe
expansion, leading to a problem of degeneracy that is
far from being solved. In general, most of these models
are constructed in such a way that mimic an effective
cosmological constant nowadays, or in other words
behaves approximately as the ΛCDM model, describing
the expansion somewhat close to a de Sitter solution,
i.e. an exponential expansion. Hence, one of the main
branches being studied today is focused on searching
new effects and predictions, specially at the perturbative
level from each model, which may provide a way to
break down the degeneracy among the models.
On the other hand, when studying cosmology, one
usually assumes a perfect fluid as an approximated well
description of the universe content. However, perfect
fluids are descriptions in thermodynamical equilibrium
that do not increase the entropy, whose dynamics
are reversible. Only when analysing perturbations,
non-adiabatic processes are considered. In this sense,
dark matter is assumed to behave as a perfect fluid with
no pressure, i.e. by a non-relativistic EoS. Nevertheless,
in causal thermodynamics, additional ingredientes
2should be assumed in order to provide a more realistic
description, as viscosity [8, 9]. Hence, regardless of the
nature of dark matter, one may try to infer properties
beyond the perfect fluid picture for dark matter by
studying the cosmological evolution [10–12]. In addition,
some analysis focus on the study of dissipative effects
as an alternative to dark energy, i.e. on the possibility
of producing late-time acceleration based on viscous
dark matter [10, 12, 13], which indirectly means the
unification of dark matter and dark energy under a
particular form of the EoS [14]. Some other previous
works focus on the existence of viscous dark energy
[15–18]. There are two types of viscosity that usually
arise in hydrodynamics, the shear and bulk viscosity.
As the universe seems to be highly isotropic at large
scales, the shear viscosity is assumed to be null at least
at late-times, despite it may turn out important in some
scenarios [19]. In addition, bulk viscosity may lead to
an effective equation of state that changes along the
cosmological history [13] and even crosses the phantom
barrier at some point [18, 20–22]. Possible quantum
effects for those viscous phantom models have been also
analysed close to future singularities [23]. Moreover,
such effects may play an important role in the evolution
of relativistic fluids, see for example Ref. [24], where
was shown that a small amount of viscosity in cold dark
matter fluid seems to alleviate a couple of discrepancies
in the values obtained for some cosmological parameters
when large scale structure (LSS) and Planck CMB
data are used. Note also that baryons play an essential
role in the formation of structure and can present a
friction much larger than the possible coming from
dark matter, as observed in weak lensing of cluster
mergers (see Ref. [25]). Nevertheless, the density of
baryons at current times is small enough to consider
its possible dissipative terms negligible in comparison
to the dark matter viscosity, since the bulk viscosity is
usually assumed to be proportional to the energy density.
To perform this type of analysis, the Eckart approach
provides an straightforward way to analyse such proper-
ties in cosmology, as bulk viscosity is introduced through
an effective contribution to the pressure [18]. As the
total effective pressure determines the behaviour of the
universe expansion, in the presence of bulk viscosity
effective pressure may become negative even in the
case of a fluid fulfilling the energy conditions, providing
a physically acceptable way to explain the late-time
acceleration. In this work, we analyse the effects of
bulk viscosity following the Israel-Stewart theory, which
establishes the formalism for relativistic non-perfect
fluids [9], which determines the dynamics of the viscous
pressure. It is important to mention that the condition
the near equilibrium condition is demanded in the
thermodynamics approaches of relativistic viscous fluids,
which means that the viscous stress must be lower than
the equilibrium pressure of the fluid. Nevertheless,
if we require accelerated expansion only due to the
negativeness of the bulk viscosity effective pressure, then
the near equilibrium condition is not fulfilled. We shall
discuss below that the introduction of a cosmological
constant can allow to satisfy the above condition. The
price to pay is, of course, to abandon unified dark
matter models with dissipation as a consistent models
to describe the evolution of the universe. Hence, here
we are assuming the presence of a cosmological constant
while dark matter is described by a fluid with dissipative
effects according to the Israel-Stewart theory. The
existence of de Sitter solutions is analysed and discussed
depending on the form of the dissipative terms. Then,
by using Supernovae Ia data, the free parameters of the
theory are constrained and compared to ΛCDM model.
The paper is organised as follows: in section II, the
Israel-Stewart formalism is introduced. Section III is de-
voted to the analysis on the existence of de Sitter solu-
tions. In section IV, some discussion is provided about
the condition to be near the equilibrium. Section V pro-
vides the fits of the model by using Sne Ia data, while
Section VI discuss its results. Finally, section VII focus
on the conclusions of the paper.
II. ISRAEL-STEWART FORMALISM WITH
COSMOLOGICAL CONSTANT
Let us introduce the formalism we follow along the
paper. As usual, we focus on a flat Friedmann-Lemaˆıtre-
Robertson-Walker universe, whose metric can be ex-
pressed as
ds2 = −dt2 + a2(t)
3∑
i=1
dx2i , (1)
where a(t) is the scale factor and t is the cosmic time.
In what follows we assume that the universe contains
dark energy in the form of a positive cosmological con-
stant and dark matter, expressed as a perfect fluid with
dissipative effects during cosmic evolution. Hence, we
assume a barotropic equation of state (EoS) for dark
matter, p = ωρ, where p is the barotropic pressure and
0 ≤ ω < 1. For a flat FLRW universe, the constraint
equation is given by
H2 =
a˙2
a2
=
κ2
3
ρ+
Λ
3
, (2)
while the continuity equation for the dissipative fluid is
defined as
ρ˙+ 3H [(1 + ω) ρ+Π] = 0. (3)
In the Israel-Stewart framework, the transportation
equation for the viscous pressure Π is given by [9]
τΠ˙ +
(
1 +
1
2
τ∆
)
Π = −3ζ (ρ)H, (4)
3where dots denote derivatives with respect to the cosmic
time, τ is the relaxation time, ζ(ρ) is the bulk viscosity
coefficient, for which we assume the usual dependence
upon the energy density ρ, H is the Hubble parameter,
and ∆ is defined by the expression
∆ = 3H +
τ˙
τ
− ζ˙
ζ
− T˙
T
, (5)
where T is the barotropic temperature, which takes the
form T = T0ρ
ω/(ω+1) (Gibbs integrability condition when
p = ωρ) with T0 being a positive parameter. Note that
for ω ∼ 0, the temperature turns out T = T0, which can
be set to accomplish the requirements from the different
dark matter candidates suggested in the literature (for
a review see [26]). The dark matter EoS, ζ(ρ) and the
relaxation time, τ , are related by [8]
ζ
(ρ+ p) τ
= c2b , (6)
where cb is the speed of bulk viscous perturbations (non-
adiabatic contribution to the speed of sound in a dissipa-
tive fluid without heat flux or shear viscosity), since the
dissipative speed of sound, V is given by V 2 = c2s + c
2
b ,
where c2s = (∂p/∂ρ)s is the adiabatic contribution. For
a barotropic fluid c2s = ω and the speed of sound for
the viscous perturbations can be expressed in terms of
the barotropic fluid as c2b = ǫ (1− ω) with 0 < ǫ ≤ 1.
From here on, since the second law of thermodynamics
should be satisfied, we assume ζ = ζ0ρ
s as positive, such
that ζ0 should be a positive constant [27]. Following the
Eckart formalism for instance, s is kept as an arbitrary
parameter. Then, from (6) the relaxation time results to
be
τ =
1
ǫ (1− ω2)
ζ
ρ
=
ζ0
ǫ (1− ω2)ρ
s−1. (7)
In order to find a differential equation in terms solely of
the Hubble parameter, H , we evaluate the expressions
τ˙/τ, ζ˙/ζ and T˙ /T from (5). By using (2), we obtain the
following expressions
τ˙
τ
=
6 (s− 1)
3H2 − ΛHH˙,
ζ˙
ζ
=
6s
3H2 − ΛHH˙,
T˙
T
=
6ω
(ω + 1) (3H2 − Λ)HH˙. (8)
By substituting the expressions (8) in equation (5), the
expression for ∆ is rewritten as
∆ = ∆(H) =
3H
δ (ω)
(
δ (ω)− H˙
H2 − Λ/3
)
, (9)
where
δ (ω) ≡ 3
4
(
ω + 1
ω + 1/2
)
. (10)
From (2) and (3), we can obtain the following expression
for the viscous pressure
Π = −
[
2H˙ + (1 + ω)
(
3H2 − Λ)] , (11)
Finally, by using the equation (4), the following differen-
tial equation for H is obtained
ζ0
ǫ (1− ω2)
(
3H2 − Λ)s−1 [2H¨ + 6 (1 + ω)HH˙]− 3ζ0 (3H2 − Λ)sH
+
[
1 +
ζ0
2ǫ (1− ω2)
(
3H2 − Λ)s−1∆(H)] [2H˙ + (1 + ω) (3H2 − Λ)] = 0, (12)
where recall that ∆ (H) is defined in (9). As discussed in
Ref. [21], in absence of a cosmological constant, Λ = 0,
and for the special case s = 1/2, (12) has a phantom
solution of the form H (t) = A (ts − t)−1, with A > 0
and the restriction 0 < ω < 1/2.
III. DE SITTER SOLUTIONS
Here we analyse the existence of de Sitter solutions of
the equation (12). Then, we assume a constant Hubble
parameter H = H0, such that equation (12) becomes a
simple algebraic equation for H0, leading to
H0
(
3H20 − Λ
)s−1
=
A
ζ0
, (13)
where for simplicity we have introduced the definition
A ≡ 1
3
[
2ǫ
(
1− ω2)
2ǫ (1− ω)− 1
]
, (14)
In absence of matter, the equation leads to the two well
known solutions,
H0 = ±
√
Λ
3
, (15)
i.e., are the standard de Sitter solutions. However, let us
investigate the existence of other de Sitter solutions in the
presence of the dissipative dark matter fluid. To do so,
we solve equation (13) for some values of the parameter s.
Nevertheless, firstly we explore the conditions for which
4A > 0, A < 0 and the consequences of A = 0. Note that
the parameter ζ0 does not plays any role in this analysis
because is always a positive constant.
If A = 0, then equation (13) has the solutions by (15),
independently of the value of s, and the trivial solution
H0 = 0. By discarding the possibility of A = 0, we
have ǫ 6= 0 and ω 6= 1, which recall that 0 < ǫ ≤ 1
and 0 ≤ ω < 1. In [22], they discuss the possibility of
ω = 1 in the context of the Israel-Stewart theory without
a cosmological constant.
If A > 0, then from (14), we see that 2ǫ (1− ω)−1 > 0
or ǫ > 1/2 (1− ω), since (1− ω2) > 0, (1− ω) > 0 and
ǫ > 0. Besides ǫ ≤ 1, we need to impose 1/2 (1− ω) < 1
or ω < 1/2, which can be summarised in the following
constraints
1
2
≤ 1
2 (1− ω) < ǫ ≤ 1 with 0 ≤ ω <
1
2
. (16)
If A < 0, (14) gives the following constraints,
0 < ǫ <
1
2 (1− ω) with 0 ≤ ω <
1
2
,
or, 0 < ǫ ≤ 1 with 1
2
≤ ω < 1. (17)
Hence, the possible de Sitter solutions can be explored
now in terms of the value of s.
i) s = 1: For this value of s, it is straightforward to
obtain the solution
H0 =
A
ζ0
. (18)
An expanding solution with H0 > 0 is obtained if A > 0,
so in this case we have the constraints indicated in the
(16).
ii) s = 1/2: In this case the solution of (13) has the
form
H0 =
√
Λ
(
3− ζ
2
0
A2
)−1
, (19)
where we haave chosen the positive sign that represents
an expanding solution. For a positive cosmological con-
stant, the real solution is obtained if 3 − ζ20/A2 > 0 and
leads to (
ζ0 +
√
3A
)(
ζ0 −
√
3A
)
< 0, (20)
thus, the interval of ζ0 is given by
−
√
3A < ζ0 <
√
3A. (21)
Note that this result is invariant under the choice of
A > 0 or A < 0, so it is not possible in principle to
add the constraints (16) or (17). To avoid problems of
interpretation and in order to consider the two possibil-
ities, we take the absolute value of A and assume that
ζ0 > 0, such that the constraint (21) is rewritten as
0 < ζ0 <
√
3|A|. (22)
iii) s = 0: In this case the solution of (13) has the form
H0 =
ζ0
6A
(
1±
√
1 +
12A2Λ
ζ20
)
. (23)
For a positive cosmological constant, the argument of
the root in (23) is always positive, then this solution
is a real number. For the positive sign in (23), since√
1 + 12A2Λ/ζ20 > 1, the expanding solution is obtained
whether A > 0, which consequently imposes the con-
dition (16). On the other hand, for the negative sign,
the expanding solution is obtained whether A < 0, what
leads to the constraint (17).
iv) s = −1/2: In this case we can rewrite equation
(13) as
x3 − ζ
2
0
3A2
x− Λζ
2
0
3A2
= 0, (24)
where we have defined
x = 3H20 − Λ. (25)
Equation (24) can be solved by using the Cardano’s
method. In this method we make a change of variables,
x = u+ v which reduces the above cubic equation to the
following quadratic equation
z2 − Λζ
2
0
3A2
z +
ζ60
729A6
= 0, (26)
where z = v3, uv =
ζ2
0
9A2 and u
3 + v3 =
Λζ2
0
3A2 and from
(26) we obtain
u =
(
Λζ20
6A2
)1/3 (
1 +
√
∆
)1/3
,
v =
(
Λζ20
6A2
)1/3 (
1−
√
∆
)1/3
, (27)
where ∆ is given by
∆ = 1− 4ζ
2
0
81Λ2A2
. (28)
Solutions for (24) depends on the sign of ∆. If ∆ > 0
then (24) has one real and two complex solution, if ∆ = 0
it has three real solutions where two of them are equal
and if ∆ < 0 it has three different real solutions. In the
case ∆ > 0, equation (28) leads to(
Λ +
2ζ0
9A
)(
Λ− 2ζ0
9A
)
> 0, (29)
and Λ is constrained to be
Λ < −2ζ0
9A
or Λ >
2ζ0
9A
. (30)
Note that as in the case s = 1/2, this result is indepen-
dent of the sign of A. So, by assuming the absolute value
5of A and considering Λ > 0, we can rewrite (30) in the
form
Λ >
2ζ0
9|A| . (31)
The only real solution of (24) is given by x = u+v where
it is clear that x > 0. From Eqs. (25) and (27), we obtain
a Hubble parameter given by
H0 =
√
1
3
(u + v) +
Λ
3
, (32)
where we have chosen the positive sign for representing
the expanding solution. No more restriction are required
because the argument of the root in the above equation
is positive.
In the case ∆ = 0, equation (28) leads to
Λ = ±2ζ0
9A
. (33)
And the positive sign and a positive cosmological con-
stant requires A > 0, leading to (16). On the other hand,
the negative sign and a positive cosmological constant re-
quires A < 0, which is provided as far as (17) is satisfied.
A real solution for (24) is given by x = u + v, so from
(25) we have the following Hubble parameter
H0 =
√
± 8ζ0
27A
, (34)
which is a real number as Λ > 0. The other two solutions
of (24) have the form x1 = x2 = ∓ ζ03A but from (25), they
lead to a complex Hubble parameter.
In the case ∆ < 0, we see that Λ has to satisfy the
range (31) and Λ > 0, we can write
0 < Λ <
2ζ0
9|A| . (35)
The solutions of (24) can be written in the form
xk =
2ζ0
3A
cos
[
1
3
arccos
(
9A
2ζ0
Λ
)
+
2kπ
3
]
, (36)
where k ∈ {0, 1, 2}. The Hubble parameter takes the
form
H0,k =
√
2ζ0
9A
cos
[
1
3
arccos
(
9A
2ζ0
Λ
)
+
2kπ
3
]
+
Λ
3
,(37)
where again k ∈ {0, 1, 2}. We need to determine what
solutions are real. First, note that the argument of the
arccos function in (37) is always real because we have
to fulfill the condition (35) and this arccos function is
bounded by 0 and π, thus
2kπ
3
≤ 1
3
arccos
(
9A
2ζ0
Λ
)
+
2kπ
3
<
π
3
+
2kπ
3
. (38)
From the above equation, if k = 0, then the cos function
will remain in the first quadrant where is always positive
and the solution forH will be real for A > 0. If k = 1, the
cos function will remains in the second quadrant where
is always negative and the solution for H will be real for
A < 0. Finally if k = 2 the cos function will remain
in the third and fourth quadrant, where is negative and
positive respectively. In the third quadrant clearly we
have (note that the function is displaced by 4π/3)
0 ≤ 9A
2ζ0
Λ ≤ 1, (39)
i.e., in this area we haveA > 0 but a real solution requires
A < 0, which it is not possible. On the other hand, for
the fourth quadrant we have
−1 ≤ 9A
2ζ0
Λ ≤ 0, (40)
which consequently leads to A < 0 but a real solution
requires A > 0. So the only real Hubble parameter is
given by (37) with k = 0, 1.
By observing these particular solutions, where de Sit-
ter behaviour is assumed for all times, we can learn some
general issues about the values of the parameters involved
in the model. We shall restrict to ω ≈ 0 since our main
interest is the behavior of a cold dark matter, or some
sort of warm dark matter, with dissipation and the com-
parison with the ΛCDM model. In the case s = 1 the
constraint for ǫ is 1/2 < ǫ < 1 is provided by Eq. (16) and
the Hubble parameter is given by Eq(18). Therefore, we
have an scenario with a great non-adiabatic contribution
to the speed of sound and, on the other hand, a Hubble
parameter which decreases as ξ0 and does not depend on
the cosmological constant. Therefore, this solution have
two non desirable physical behaviour.
In the case of s = 1/2, there is no constraint on
ǫ and for ω ≈ 0, and we obtain from Eq(14) that
ξ0 < 2ǫ/
√
3(2ǫ − 1). For the Hubble parameter the
expression given in Eq. (19) reduces to the usual form
H0 =
√
Λ/3 (de Sitter solution) when ξ0 goes to zero.
Then, this solution can represent well the asymptotic de-
sirable behaviour of a general solution for the Eq. (12).
The case of s = 0 corresponds to a constant bulk vis-
cosity. The expanding solution has also the constraint
1/2 < ǫ < 1, and the arguments mentioned above ap-
plied. The Hubble parameter, which goes to zero when
ξ0 → 0, also does not reduce to the asymptotical be-
haviour of ΛCDM .
When s = −1/2 the solution leads to a lower bound
for the cosmological constant given by Eq. (). Then a
positive cosmological constant and the expression for |A|
with ω = 0, leads to the constraint ǫ > 1/2. The Hubble
parameter, given by Eq. (31) or Eq. (37), for the special
case with ∆ = 0, goes to a de Sitter solution when ξ0
goes to zero. Hence, the weakness of this solution is also
the requirement of great non-adiabatic contribution to
the speed of sound.
In summary, the study of de Sitter type solutions for
some simple values of the parameter s seems to indicate
that the case of s = 1/2, which has the advantages of
6simplifying the Eq. (12), might be investigated further
in order to find an exact solution. In section V we in-
vestigate our model in terms of the constraints imposed
by the astronomical data, particularly by Supernovae Ia.
The parameters s, ξ0 and Λ will set free, which implies
to face more general solutions of the Israel-Stewart the-
ory for arbitrary parameter s, which requires numerical
resources.
IV. NEAR EQUILIBRIUM CONDITION
As previously discussed in [29], within the context of
dissipative inflation, the condition to have an accelerating
expansion imposes negativeness on the viscous pressure
Π. Let us consider the following equation on the second
derivative of the scale factor
a¨
a
= −1
6
(ρ+ 3Peff ) +
Λ
3
, (41)
where Peff = p + Π. By imposing a¨ > 0 in (41) and
taking Λ = 0, it yields
−Π > p+ ρ
3
. (42)
So the inequality (42) implies that the viscous stress is
greater than the equilibrium pressure p of the fluid. The
non-causal approach of Eckart and the causal of Israel-
Stewart assume a near equilibrium regime that must ful-
fill the condition ∣∣∣∣Πp
∣∣∣∣≪ 1, (43)
but in order to obtain an accelerating expansion, the fluid
has to be far from equilibrium. This situation changes if
the cosmological constant is included, in whose case the
condition a¨ > 0 leads to
−Π > −2Λ
3
+ p+
ρ
3
, (44)
so the viscous stress is not necessarily greater than the
equilibrium pressure p in order to have an accelerating
expansion and near equilibrium condition may be fulfilled
in some cases. It is important to note that to fulfil the
equilibrium condition, a positive cosmological constant is
required.
V. FITTING THE ISRAEL-STEWART MODEL
TO SUPERNOVA IA DATA
Let us now compare the previous model with obser-
vational data. To do so, here we use the Union 2.1 SN
catalogue (see [2]), which contains NSN = 557 type Ia su-
pernovas with redshifts 0.015 ≤ z ≤ 1.4. The catalogue
provides the corresponding redshift and the values of the
distance modulus for each SN as well as the correspond-
ing errors σµobs(z).
Firstly, we define the corresponding magnitudes in-
volved in the analysis. The free luminosity distance is
given by
DL(z; Ωm, αi) = (1 + z)
∫ z
0
dz′
H0
H(z′; Ωm, αi)
. (45)
Here Ωm is the corresponding matter density and αi are
the free parameters of the model. Then, the distance
modulus, used to fit to the data, is defined as follows
µtheo(z; Ωm, αi) = µ¯+ 5 log10 [DL(z; Ωm, αi)] , (46)
where µ¯) = −5 log10
[
H0
c
]
+ 25 is a nuisance parameter.
Here we use assume a Gaussian distribution,
L = N e−χ2/2 , (47)
where N is a normalisation factor and the function χ2 is
defined as follows
χ2 =
N∑
i=1
(µobs(zi)− µtheo(zi; µ¯,Ωm, αi))2
σ2obs(zi)
(48)
To find the best fits for the free parameters, we use the
technique of the minimum χ2min which consequently max-
imise the probability distribution (47). In order to reduce
the number of the free parameters, and particularly in
order to marginalise over the nuisance parameter µ¯, the
function (48) can be expanded as [30, 31]
χ2(Ωm, α) = A− 2µ¯B + µ¯2C , (49)
where
A(Ωm, αi) =
NSN∑
i=1
(µobs(zi)− µtheo(zi; µ¯ = 0,Ωm, αi))2
σ2µobs(zi)
B(Ωm, αi) =
NSN∑
i=1
(µobs(zi)− µtheo(zi; µ¯ = 0,Ωm, αi))
σ2µobs(zi)
C =
NSN∑
i=1
1
σ2µobs(zi)
(50)
Hence, by minimising the expression (49) with respect to
µ¯, one obtains µ¯ = B/C and the χ2 finally reduces to
χ˜2(Ωm, αi) = A(Ωm, αi)− B
2(Ωm, αi)
C
. (51)
This is the expression for the χ2 that we will use in our
MCMC analyses. For simplicity, we omit the tilde from
now on. In order to calculate the distance modulus, equa-
tion (12) has to be solved for the Hubble parameter. To
simplify the calculations and compute the distance mod-
ulusin a better way, we consider the redshift z as the
independent variable instead of the cosmic time t
1 + z =
1
a
. (52)
Here a is the scale factor and we have assumed a0 = 1
as the reference value of the scale factor evaluated today.
Then, equation (12) turns out
7ζ0
ǫ (1− ω2)
(
3H2 − Λ)s−1 (1 + z)HH ′ [2(H + (1 + z)H ′ + (1 + z)HH ′′
H ′
)
− 6 (1 + ω)H
]
− 3ζ0
(
3H2 − Λ)sH
+
[
1 +
ζ0
2ǫ (1− ω2)
(
3H2 − Λ)s−1∆(H)] [−2(1 + z)HH ′ + (1 + ω) (3H2 − Λ)] = 0, (53)
The set of free parameters are ζ0, s and Ωm, since we
are considering pressureless fluid, such that we are as-
suming that our model is well described by an equation
of state parameter w closely to zero, so negligible. More-
over, the parameter ǫ, which defines the speed of sound
of the viscous perturbations, can take any value in the
range 0 < ǫ ≤ 1, where ǫ = 1 would correspond to the
speed of light. As shown in the section below, we anal-
yse the model for several values of ǫ, which affect the free
parameters and the corresponding errors. To implement
the MCMC, we use the Metropolis–Hasting algorithm by
running several chains and analysing the convergence of
them.
VI. RESULTS AND DISCUSSION
In order to simplify the equation (53) and remove H0,
equation (53) is solved by redefining the Hubble param-
eter as
H(z) = H0E(z) , (54)
where H0 is the Hubble parameter evaluated today cor-
responding to the ΛCDM model while E(z) is an adi-
mensional function of the redshift. Then, by defining
Ωλ = Λ/3H
2
0 and making use of the first FLRW equa-
tion (2), the free parameter Ωm enters in the equation as
ΩΛ = 1− Ωm. Moreover, we redefine the free parameter
ζ0 to make it adimensional
ζ0 → H1−2s0 ζ0 (55)
In addition, the initial conditions are chosen to match
ΛCDM model at a certain redshift z0,
E(z0) = E
ΛCDM =
√
Ωm(1 + z0)3 + 1− Ωm . (56)
After solving the equation, the corresponding value of
the Ωm parameter has to be normalised by E
2(0) in or-
der to provide the real matter density predicted by the
model, such that the matter density parameter is defined
as follows
Ω˜m =
Ωm
E2(0)
. (57)
In the analysis we have imposed Ωm > 0. The results are
summarised in Table I, where we have also included the
results for the ΛCDM model as a reference. In addition,
Fig. 1 and Fig. 3 depict the counterplots for the free pa-
rameters for the cases ǫ = 1 and ǫ = 0.01. Moreover, it
is meaningful to analyse the absolute constraining power
of the SN data to this model by comparing the fits to
the ΛCDM model. To do so, the goodness of fits is in-
vestigated by calculating the reduced χ2 values for each
model and each case, which is is defined as follows
χ2red =
χ2min
N − c− 1 . (58)
Here N is the number of Supernovae considered from the
Union 2.1 catalogue and c is the number of free param-
eters of the model. In addition, we also calculate the
so-called Bayesian complexity (pD) and the Deviance In-
formation Criterium (DIC) which provides additional in-
formation about a way of comparing different models and
which are defined as follows
pD = χ2 − χ2min , DIC = 2χ2 − χ2min . (59)
The pD parameter that depends on the deviation of the
mean from the best fit provides a way to measure the
goodness of the fits of a particular model compared to
others. As shown in Table I, both ΛCDM model as the
Israel-Stewart one (for any value of ǫ) show a similar
goodness. Also when analysing the DIC parameter, the
conclusion shows up the same. Nevertheless, the values
for χ2red are slightly smaller for the ΛCDM model due
to the larger number of parameters of the Israel-Stewart
model. Moreover, note that the parameter ǫ affects the
mean and the corresponding errors of the free parame-
ters. In particular, the larger ǫ is, the larger the errors
for Ω˜m are. This is due to the features of this particu-
lar model, since whether the speed of sound for the vis-
cous fluctuations increases, the Israel-Stewart model it-
self is capable of reproducing late-time acceleration with
no need of a cosmological constant, at the price of in-
creasing the errors on Ω˜m while the errors on {ζ0, s}
turns out a bit smaller. Nevertheless, one should expect
a small ǫ, such that the value of Ω˜m as shown in Table
I and Figs. 3-4 matches better the usual value provided
by ΛCDM model when several sources of data are used.
VII. CONCLUSIONS
In the present paper we have analysed the effects of
considering a more realistic description for dark matter
beyond the usual perfect fluid picture. To do so, we
have followed the well-known Israel-Stewart approach,
which describes the bulk viscosity of a particular fluid by
adding just an effective pressure term in the continuity
equation, in this case in the dark matter equation.
By using the transportation equation for the viscous
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FIG. 1. Contour plots for the free parameters {ζ0,Ωm, s} when fitting the Israel-Stewart model with data from Union 2.1. This
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FIG. 2. Contour plots for the free parameters {ζ0,Ωm, s} when fitting the Israel-Stewart model with data from Union 2.1. This
case representes ǫ = 0.5.
pressure, we have obtained the general equation that
determines the evolution of the Hubble parameter, where
a cosmological constant is included. The purpose of this
paper, beyond those papers in the literature where bulk
viscosity is considered to unify dark matter and dark
energy, was based on the analysis of the effects of viscous
dark matter with the presence of a cosmological constant
that in principle is responsible solely for the late-time
acceleration, in order to study possible exact solutions,
particularly de Sitter solutions, the near equilibrium
condition and how good the model fit to observational
data.
By analysing equation (12), the existence of exact de
Sitter solutions have been studied. Contrary to usual
systems with the presence of perfect fluids, the presence
of bulk viscosity admits exact de Sitter solutions, not
only asymptotically as in the case of ΛCDM model. We
have studied the wide range of solutions allowed by the
equations, depending on the parameters related to the
bulk viscosity. In particular, the existence of such type
of solutions provide some limitations on the parameter
ǫ, which recall that parametrises the speed of sound of
non-adiabatic perturbations, playing an important role,
as shown after when fitting the model with Sne Ia data.
Also the possible solutions depending on the parameter
s, which describes the bulk viscosity coefficient, are
discussed and several solutions are obtained for different
values of this parameter. Moreover, the condition to
keep the fluid near the equilibrium is studied, where we
found that the presence of the cosmological constant
allows the viscous stress to be not necessarily greater
than the equilibrium pressure p in order to have an
accelerating expansion.
It is necessary to point out that since during the fitting
with the data, the parameter s is kept free, there is no
dependable way to ensure that the numerical solution
of the Israel-Stewart equation will have an asymptotical
behaviour close to the ΛCDM solution, or even the same
behaviour when ζ0 goes to zero, as we have learned from
the few type de Sitter solutions found. So, facing the
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lack of a complete understanding of possible solutions
and their behaviour in a wide range of the parameter s,
the constrains from the cosmological data are done as a
preliminary investigation of the possible values of s that
can accommodate in principle the data. Then, we have
compared the model to observational data by using a
catalogue of Sne Ia. We have performed several analysis
depending on the speed of sound of viscous perturbations
but keeping always a pressureless fluid (w = 0). Despite
the cases with ǫ close to 1 seem very unlikely as would
provide a speed of sound close - or equal - to the speed of
light, its analysis provides additional information about
the behaviour and contribution to the acceleration of
the expansion, which occurs when the speed of sound
is large enough, a case studied previously in absence of
cosmological constant in Ref. [21], where was shown that
the expansion may even cross the phantom barrier for
those cases. Nevertheless, such cases give larger errors in
the matter density parameter, as shown in Table I. For
more realistic values of ǫ, the errors on Ω˜m are similar
to those of ΛCDM model but at the price of increasing
the uncertainty on the parameters corresponding to
the viscosity. Such large errors and values on the
dissipative parameters seem to imply their irrelevance
when comparing the model to data at small redshifts.
In addition, note that the negativeness of ζ0 may imply
violations of the second law of thermodynamics, despite
we have not imposed a particular allowed range a priori
during the realisations of the MCMC’s. However, the
goodness of the fits shows that the model is as good as
ΛCDM model, but the presence and relevance of bulk
viscosity remains uncertain.
Hence, we have performed a deep analysis of viscous
dark matter by following Israel-Stewart formalism. In the
future, additional analysis for studying the existence of
other classes of cosmological solutions and the relevance
of bulk viscosity in the growth of perturbations and the
formation of large scale structure may provide additional
information about the role of dissipative effects in the
dark matter fluid, a task to be performed in the future.
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Model MCMC parameters χ2min χ
2
red pD DIC
ΛCDM Ωm = 0.27± 0.02 542.683 0.97 1.0 544.734
ǫ = 1 Ω˜m = 0.63± 0.72 , ζ0 = 482± 342 , s = −1.47± 0.6 542.559 0.98 1.4 545.384
ǫ = 0.5 Ω˜m = 0.32 ± 0.13 , ζ0 = 579± 217 , s = −3.75 ± 1.52 542.437 0.98 1.2 544.927
ǫ = 0.1 Ω˜m = 0.26 ± 0.02 , ζ0 = −104.511 ± 649 , s = 61± 20 543.141 0.98 1.0 545.138
ǫ = 0.01 Ω˜m = 0.26 ± 0.03 , ζ0 = 284± 542 , s = 85± 21 542.671 0.98 1.1 544.687
TABLE I. Mean values of the free parameters for the Israel-Stewart model for ǫ = 1 , 0.1 , 0.01 and the ΛCDM model.
The corresponding standard deviation is also shown. In addition, we also include the best fit χ2min, the χ
2
red, the Bayesian
complexity and DIC values for the three cases.
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